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where erf(S) is the error function defined by
2

S
erf(S) = ﬂ-TIZ 0 e~ dx (13)

and
= U/@RT)V* = (v/2)'*M

From the definition of the stress tensor, one obtains for the
diagonal terms

Py = 3p
also
pi; = Pij — pdi; (14)
and hence

pii = 0 (i.e., poe + Pyy + 2. = 0)

From the foregoing relationship, if one substitutes — (p.. +
Puy) fOr p.., both p.. and p,, terms drop out.

One should note that these results are confined to the case
of a monatomic gas, since there still exists a question as to
the nature of the distribution function analogous to that
given by Eq. (5) but applying to a diatomic gas. For
adiabatic wall conditions @ = 0. If T is denoted by T, the
resulting equilibrium sphere temperature can be written as

Taw
T
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Fig. 3 Partial Stanton numbers for nonuniform free

(15)

where molecule flow past a sphere.
g eS8+ 382 + §) + [S exp(— 82)/712] (82 4 3)
- erf(S) (282 + 1) + (28/x12)e—5"
. efSESt — 38+ L) + [S exp(—82)/72](382 — L) + [erf(8)(252 + 2) — 48 exp(—8%)/712(S2 + 1)1H,
4[erf(S) (282 + 1) + (28e—2/xV/?) 182
o= 4{erf(8)(S2 + &) — [S exp(—82)/m12](582 + 3) + [+ erf(S) — S exp(—=82)/2xwV/2]H,}

These partial equilibrium temperature ratios are plotted in
Fig. 2, where they indicate that for S > 1 the effects due to
viscous stresses and heat flux become relatively unimpor-

tant.
For the heat transfer case, one defines a Stanton number

St for sphere:
St = Nu/RePr = [aly — 1)/v]1B(S)

where

B(S) = I:erf(S)(QS2 + 1) + exp( S2)]

Pes l:erf(S) @s* +2) — 452 exp (—8)(S? + 1)]

4p

ok S

g U I: f(S) 1/2 exp (_32)] (16)
L St = St, + Pez Stper — .S’tqz 17
« p

where

= St = [erf(S)(zsz +0+ 2 S oxp (= SZ):I

1 1 48

" Stpps = oG l:erf(;S)(2S2 +2) — 172 &P (—82)(S2 + 1):|
1, _Taf® S

- Stg. = [ 1 g1 XD (— SZ)] TE (18)

These partial Stanton numbers are plotted in Fig. 3.
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Nomenclature
u = gas velocity
v = isentropic expansion exponent
P = pressure
p = density
a =

sonic velocity
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T = temperature
Cp = specific heat at constant pressure
R = universal gas constant/molecular weight
E; = dissociation energy per unit mass
T = two-way transit time of an acoustic wave between probe
and shock front
Ao = standoff distance of shock wave on the axis
e = density ratio across the shock wave
r, = distance from center to shoulder of flat-nosed body
v = frequency of acoustic wave
8, = Doppler shiftin »
Introduction

HE problem of determining the flow parameters in the

hypersonic flow regime by means of probes carried on an
aerospace vehicle has been complicated by two factors: 1)
inability to describe analytically the subsonic flow regime
downstream of the shock because of uncertainty about the
chemistry of dissociation, ionization, and recombination;
and 2) short lifetime of the probe resulting from its intense
heating by the hypersonie. stream:. One solution to this
problem has been proposed! and is currently under investi-
gation.2 One aspect of the approach of Ref. 1 also was dis-
cussed in Ref. 3. In this paper an alternative approach is
proposed. The objective is to select parameters for meas-
urement which may be expected to be less affected by the
uncertain aerothermochemical processes than conventional
pitot tube measurements, while being more sensitive to
changes in the hypersonic flow parameters. To be sure,
" the difficulties just mentioned will still have to be overcome.
However, some progress is being made on these problems, and
their solution may be within the state of the art of the next
few years.

Measurement Parameters

It is well known that the standoff distance of a detached
shock wave becomes increasingly less sensitive to changes
in freestream Mach number, at fixed freestream pressure
and density, as the Mach number becomes very large.
Thus, shock wave standoff distance, by itself, would not be
a very good parameter to use in computing hypersonic
Mach numbers or velocities. On the other hand, stagnation
pressure and stagnation temperature should become increas-
ingly sensitive to Mach number as the Mach number is in-
creased. Now, stagnation pressure should be fairly easy to
measure, but the same cannot be said for stagnation tempera-
ture.

To gain some insight into the kinds of measurements which
may prove useful, it is instructive to consider the following
simple analysis. The conservation equations across a nor-
mal shock wave are

(U22/2) 4+ CuTy = (Us%/2) + CT:> + Eu )]

P+ 01U = Py + pUy? @
pUs = peUs 3)

For a perfect gas, C, is given by
Cp=R/(v — 1) €

Assume that the air upstream of the shock wave is at a tem-
perature of 300°R, is flowing at a velocity of 30,000 fps, and
is undissociated. Assume that the downstream air is flow-
ing at a velocity of 3160 fps and is completely dissociated.
These conditions correspond roughly to those which would
be encountered at a standard altitude of 240,000 ft. Assume
air to be a simple diatomic gas with v = 1.4 and B = 1715
ft?/sec?-°R. Complete dissociation will change these values
to v = 1.67 and B = 3430 ft2/sec>-°R. For the undissoci-
ated and dissociated cases, respectively, Eq. (4) gives (Cp)un =
6010 ft-lb/°R-slug, (Cp)a = 8560 ft-Ib/°R-slug. Neglecting
ionization and taking the energy of dissociation to be 3.06 X

TECHNICAL NOTES AND COMMENTS 2647

108 ft-1b/slug yields for T, from Eq. (1),

(30,0002

1
T, = 3560 |:6010 X 300 + 5

(3160)*

S 3.06 X 108] = 15,750°R

It is clear from the foregoing expression that the terms Cp T,
and Us%/2 may be neglected. Were it not for the term E,,
the upstream velocity would then be given by

Uy = 2/(v — D] ®)

that is, the downstream sonic velocity in the hypersonic re-
gime would be almost directly proportional to the upstream
gas velocity.

To include real gas effects, the approach of Ref. 4 was used,
in which the following reactions are considered:

0, =220
N, =2 2N
O =20Ft4 e~
NaN++e-

Reference 4 obtains a closed-form solution for the equilibrium
thermodynamie properties of air which provides data within
5% of the exact data of Ref. 5. Figure 1 presents some re-
sults from a Northrop Norair computer program,t 7 giving
the downstream sonic velocity as a function of freestream
velocity for several altitudes. Equation (5) also is plotted
for comparison. The waves in the results are a consequence
of the chemical changes occurring across the shock wave.
The wave crest occurring at approximately 14,000 fps de-
notes completion of oxygen dissociation, whereas the crest
at 30,000 fps denotes completion of nitrogen dissociation.
In spite of the waviness, the sonic velocity remains a mon-
otonically increasing function of freestream velocity. There-
fore, it would be a suitable variable to detect in order to ob-
tain a measure of freestream velocity, provided that some
variable related to altitude were simultaneously detected.

" One possibility for measuring the average sonic velocity in
the subsonic region is to generate an acoustic wave at the
probe, reflect it from the shock front, and detect its return
to the probe. If the standoff distance of the shock wave is
determined by measurement or calculation, a measurement
of the time 7 between emission of the acoustic wave and its
return to the probe should yield the acoustic velocity.

The theory relating the standoff distance of a detached shock
wave to the aerophysical parameters is rather cumbersome
even when simplifying assumptions as constant density or
constant stream-tube area are introduced. Nevertheless,
some fairly simple formulas can be extracted to give a quali-
tative picture of the situation. For an axially symmetric
flat-nosed eylinder of radius 7,, the standoff distance at the
axis of symmetry Aqis given by?3

A = (3)3/46”27‘. (6)

where e is the density ratio across the shock pi/ps. An ex-
pression for e, for the case of a perfect gas, may be obtained
from the conservation relations across the shock, that is,

_ -
e—7+1<1+7_1M12) @

In the limit of very large initial Mach number, this becomes
am = (v — /(v + 1) 8

All monatomic gases have e = %, and diatomic gases
have e = 4. In air at elevated temperatures, ein may
drop to a value of the order of 0.07 or less because of the
effects of dissociation and ionization. For air, including real
gas effects, the curves of € vs u;, with altitude as a parameter,
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are quite wavy. Despite this, the ratio Ao/7, does not vary
by more than a factor of 1.55 between the extreme values
of ¢ likely to be encountered during hypersonic re-entry, as
may be seen from Table 1.

Table 1 Shock standoff distance -

Freestream
Altitude, ft speed, fps € Ao/7s
300,000 27,000 0.0476 0.492
300,000 13,000 0.0834 0.659
150,000 28,000 0.0616 0.565
150,000 10,000 0.111 0.761

If we were to consider Ay/r, constant at its geometrical mean
value of 0.611, we would err at the extremes by the ratio

0.761/0.611 = 0.611/0.492 = 1.24

Thus, we would make an error of 249 in the sonic velocity at
the extremes if we were able to measure the transit time of
the acoustic wave accurately. This error can be reduced by
making use of another measurement, as will be shown below.

Another measurement that can be made easily, beside
transit time of an acoustic wave, is the stagnation pressure
in the subsonic region P,. In the hypersonic regime, the
momentum equation (2) reduces to the approximate relation-
ship

Py, = pruy? )

The accuracy of Eq. (9) is indicated in Table 2, where the
same example values are used as in Table 1.

Table 2 Exact vs approximate stagnation pressure

Free-

Alti- stream Freestream
tude, speed, density, pra?, Py,
ft fps slugs /ft3 psf psf
300,000 27,000 6.065 X 109 4.41 4.25
300,000 13,000 6.065 X 10~° 1.03 1.00
150,000 28,000 3.564 X 10-¢ 2780 2900
150,000 10,000 3.564 X 108 356 380

The maximum error for these values is 6.5%. Thus, Eq.
(9) probably may be considered sufficiently accurate for
computing purposes, although it is easy to correct it if it
should be necessary. .

Yet another measurement is required in order to define
the flow completely. A possibility is to use the Doppler shift
dv of the frequency » of the acoustic wave, produced by the
gas velocity downstream of the shock wave. Taking account
of the shift before and after reflection from the shock wave,
one can easily show that the total shift is

Sy = (us/09)? v
1 — (uz/az)?

To illustrate the magnitudes involved, consider a probe
having a shoulder radius r, equal to 0.2 ft. Using the condi-
tions of a previous example, take u; = 30,000 fps at an alti-
tude of 240,000 ft and u, = 3160 fps. From Table 1 it is
estimated that Ay/7, is about 0.5. Then A, = 0.1 ft.

Assume, for the present, that the shock front reflects like
a closed tube. Although this may not seem justifiable on
the basis of the static pressure ratio across the shock wave,
it does seem so if one considers the stagnation pressure ratio
instead. It is proposed that the actual reflection conditions
of an acoustic wave at a shock front be determined by a
theoretical study.

On the basis of the foregoing assumption, the fundamental
resonant wavelength, around which it is proposed to operate,

(10)
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Fig. 1 Downstream sonic velocity vs upstream gas
velocity.

is given by A = 4(4) = 4 X 0.1 = 0.4 ft. Then the fre-
quency is given. by A = 8950/0.4 = 22,400 cps. Intro-
ducing these values into Eq. (10) yields év = 0.1 X 22,400 =
2240 cps. These values were all obtained on the basis of
one-dimensional theory, and the Doppler shift for axially
symmetric three-dimensional flow into a stagnation point
will be less than that just computed. However, the com-
puted value was large enough so that, even if the actual value
were only one-third as big, it would still be easily measurable.

The procedure for calculating hypersonic aerophysical data
from measured quantities in the proposed system may now
be summarized as follows. The measured quantities will be
7, Ov, and Py. The calculated quantities will be a,, %, and
p1. Three formulas from which these quantities may be cal-

culated are
_ 51/ 1/2 (3)3/2(7'3)2
%2 = <v -+ 6v> T (1

obtained by combining Egs. (3, 6, and 10) and writing Ay =
asT,

u = 4.01(as — 878) In(2.72 X 1073/p)0-38  (12)

obtained as a rough empirical fit of Fig. 1; and Eq. (9). In
the worst case, Eq. (12) leads to an underestimation of u; by
about 109%,. Although a more accurate empirical relation
could be obtained at the cost of more complexity, it probably
is not warranted unless the effects of heat radiation and non-
equilibrium flow are included.

References

1 Berlot, R. R., “Hypersonic airspeed indicator,” Giannini
Controls Corp., Proposal RTP-5 (May 16, 1960).

2 Rochester, J. R., “Investigation of microwave reflection tech-
niques for air data measurements at hypersonic velocities,”
Aeronaut. Systems Div. TDR-62-234, Armed Services Tech.
Info. Agency Rept. AD282214 (June 1962).

3 Leath, P. L. and Marshall, T., “Electromagnetic probe for
the measurement of hypersonic flow velocity at a point,” ATAA
J. 1, 948-950 (1963).

¢ Hansen, C. F., “Approximations for the thermodynamic and
transport properties of high temperature air,”” NASA TR R 50
(1959).

§ Hilsenrath, J., Klein, M., and Wooley, H. W., “Tables of
thermodynamic properties of air including dissociation and ioni-
zation from 1,500°K to 15,000°K,” Arnold Engineering Dev.
Center TR 59-20 (1959).

¢ Powers, S. A., “Equilibrium real gas flow fields for spherical
noses,’”” Northrop/Norair NB-61-344, Vol. I (November 1961).

? Powers, S. A., “Equilibrium real gas flow fields for blunt bod-
ies,”” Northrop/Norair Rept. NB-61-344, Vol. II (to be pub-
lished).

8 Hayes, W. D. and Probstein, R. F., Hypersonic Flow Theory
(Academic Press, Inc., New York, 1959), p. 186.



